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ABSTRACT

This paper proposes a new Hierarchical COOrdinate (HICOO)
format for sparse tensors, which compresses its indices to
units of sparse tensor blocks. HICOO format does not fa-
vor one tensor mode over the others, thus can be used as a
replacement of the traditional COOrdinate (COO) format.
In this paper, we use HICOO format for the Matriced Ten-
sor Times Khatri-Rao Product (MTTKRP) operation, the
most expensive computational core in the popular CAN-
DECOMP/PARAFAC decomposition, then accelerate it on
multicore CPU architecture using two parallel strategies for
irregular shaped tensors. Parallel MTTKRP using HICOO
format achieves up to 3.5x (2.0x on average) speedup over
COO format and up to 4.3x (2.2X on average) speedup over
CSF format.

1 INTRODUCTION

A tensor of order N is an N-way array, which can provide
a natural input representation of a multiway dataset. This
tensor is sparse if it consists of mostly zero entries. * There
are several techniques for analyzing and mining a dataset in
the tensor form [7, 8, 12, 13, 15, 17, 19, 21], which have been
applied in a variety of domains, including healthcare [9, 22],
natural language processing [10], machine learning [1, 2], and
social network analytics [18], among others.

This paper concerns performance enhancement techniques
for one of the most popular of such tensor methods, the CAN-
DECOMP /PARAFAC decomposition (CPD) [12]. The run-
time of a typical CPD on an N*"-order tensor is dominated
by the evaluation of N matricized tensor times Khatri-Rao
product (MTTKRP) operations [4, 6, 10, 11, 14, 16, 21]. Some
tensor formats have been proposed to compress the storage
space for general sparse tensors. Compressed Sparse Fiber
(CSF) format proposed in [21] is a hierarchical, fiber-centric
format that effectively extends the Compressed Sparse Row
(CSR) format of sparse matrices to sparse tensors. A recently
proposed Flagged-COOrdinate (F-COO) format uses two
flag arrays, bit-flag and start-flag, to replace index mode(s),
thus its construction highly depends on the mode performing
MtTKRP. Both CSF and F-COO formats are mode-sensitive
because the same tensor operation in different modes need to
store separate CSF/F-COO representation for each mode. 2
Therefore, neither CSF nor F-COO can replace COO format
in sparse tensor applications.

For instance, an I X I X I tensor is sparse if its number of non-zero elements,
m, satisfies m < I°. Indeed, one typically expects m = O(I).

2For a third-order tensor, using less than three CSF representations to sup-
port all the three MTTKRPs is possible but with some performance payoff.

We propose HICOO format to fulfill this need by effi-
ciently compressing a sparse tensor, maintaining the “mode-
symmetric” property [3], and conserving all tensor informa-
tion as in COO format. In this work, we make the following
main contributions:

We propose a new sparse tensor format, Hierarchical COOr-
dinate (HICOO?), which largely compresses tensor indices
in units of sparse tensor blocks under Z-Morton order for
tensors with appropriate block locality. Since HICOO format
preserves all information of a sparse tensor, only one HICOO
representation is needed in tensor algorithms. (§3)

We further accelerate the Matriced Tensor Times Khatri-
Rao Product (MTTKRP) operation using HICOO format
on multicore CPU architecture. With a bulk scheduler and
two parallel strategies for irregular shaped tensors, parallel
MTTKRP exhibits better thread scalability. (§4)

Overall, parallel MTTKRP in a single mode using HICOO
format achieves up to 3.5x (2.0x on average) speedup over
COO format and up to 4.3x (2.2Xx on average) speedup over
CSF format. (§5)

2 BACKGROUND

The order N of an N*"-order tensor is sometimes referred to
as the number of modes or dimensions. Higher-order tensors
(N > 3) are denoted by bold capital calligraphic letters, e.g.,
X. A scalar element at position (4, 7, k) of a tensor X is x;j.

The most expensive computation kernel of the CP decom-
position is the Matriced Tensor Times Khatri-Rao Product
(MTTKRP). For an N"-order tensor X and given matrices
A® AW the mode-n MTTKRP is

A —x(, (A‘N> O oA oA Yoo A(”) . ()
where X(,) is the mode-n matricization (or unfolding) of
tensor X, and © is the Khatri-Rao product. Matricization
reshapes a tensor into an equivalent matrix by arranging all
mode-n fibers to be the columns of a matrix. (Readers may
refer to Kolda and Bader’s survey for more details [12].) The
Khatri-Rao product is a “matching column-wise” Kronecker
product between two matrices. Given matrices A € RT*E
and B € R7*%, their Khatri-Rao product is denoted by
C = A ® B where C € RUDXE o

C:AQB:[a1®b1,a2®b2,...,aR®bR}, (2)

where a, and b, r =1,..., R, are columns of A and B.

For a sparse MTTKRP operation which refers to an MTTKRP
with sparse tensors and dense factor matrices, its computation
is directly made on nonzero entries without the matricization
process. By using the most popular COO format, the MTTKRP

3pronounced as Haiku



algorithm multiplies every nonzero entry x(i, 7, k) with the
element-wise product of row-j of B and row-k of C, and then
sum-reduces the rows to row-i of A. The matrix rows are
irregularly accessed because of the sparsity of tensor X.

3 HICOO FORMAT

HiCOO format is an extension of Compressed Sparse Blocks
(CSB) format [5]. However, we store blocks in a sparse pattern
instead of a dense long array. Analogous to element indices
inside a block, block indices also use less bits than the indices
of COO format to get further compression.

COO format (figure 1(a)) stores every nonzero value along
with a tuple of indices, while HICOO format (figure 1(b))
stores nonzeros in a block-wise pattern. b, bj, bk index sparse
blocks, and ei, ej, ek index nonzero elements within a block.
bptr stores the beginning locations of blocks. Tensor blocks
are sorted in Z-Morton order. For an N*"-order sparse, cubical
tensor X € R COO format needs

Scoo = N x nnz X logl (3)

bits to store all indices, where nnz is the number of nonzeros,
and log! is index bit-length. Suppose n, B x B x B blocks
in X, 7

Shicoo = np X lognnz+ N X np X logE + N xnnzxlogB. (4)

Assume logl = 32 (int), lognnz = 64 (long int), logB = 8,
and N = 3. We set block density o = %, thus Shicoo < Secoo
when a < 0.53. If a tensor has more than 2 nonzeros per
block, HICOO takes less space than COO.
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Figure 1: COO and HiCOO (in 2 x 2 X 2 blocks) formats.

4 MTTKRP ALGORITHMS

Sequential Algorithm. Sequential HICOO-MTTKRP algo-
rithm is analogous to COO-MTTKRP algorithm by calculating
the tensor index i(j,k) from bi (bj, bk) and ei (ej, ek). Ma-
trices are tiled by corresponding tensor blocks.

Parallel Algorithm. When updating matrix A, multiple
threads may write to the same row-i of A. We integrate
blocks into larger bulks, then schedule bulks according to
their write dependence in MTTKRP to avoid these write
conflicts. According to irregular tensor shapes, we choose
between privatization and direct parallelization strategies. If
the number of dependent bulks is larger than that of inde-
pendent bulks, we use privatization strategy which computes
partial matrix data thread-locally in parallel and then does
a parallel reduction to get the final results; otherwise, we
directly parallelize bulks by updating different matrix regions
without write conflicts.

5 EVALUATION AND ANALYSIS

The experiments are tested on a Intel Xeon CPU E5-2650 plat-
form consisting 24 physical cores with the gcc 5.4.1 compiler.
Sparse tensors from the FROSTT dataset [20] are shown in
table 1. We use 32-bit integers for indices and single-precision
floating points for values.

Table 1: Description of sparse tensors.

Dataset  Order Dimensions NNZ Density
nell2 3 12K X 9K X 29K 7T™M 2.4 x 1072
choa 3 712K x 10K x 767 27M 5.0 x 1076

darpa 3 22K X 22K x 24M 28M 2.4 x 1079
deli 3 533K x 17M x 2.5M  140M 6.1 x 10~ 1?2
nelll 3 3M x 2M x 25M 144M 9.1 x 1013

Figure 2 shows the normalized execution times of paral-
lel MTTKRPs in COO, CSF (from SpLaTT? ), and HICOO
formats in a single mode and all three modes separately on
third-order tensors. Y-axis shows the execution time normal-
ized to that of COO-MTTKRP. ® Parallel HICOO-MTTKRP in
a single mode achieves up to 3.5x (2.0x on average) speedup
over COO format and 4.3x (2.2x on average) speedup over
CSF format. Regards to the sum of the execution time of
all the three modes, parallel HICOO-MTTKRP overperforms
COO- and CSF-MTTKRP by up to 3.0x and 2.5x respectively
for all but tensors deli and nelll for CSF-MTTKRP. HICOO
takes less space than COO and CSF for all but tensors deli
and nell! for COO, because their block density (a ~ 1) are
mu‘czh larger than our threshold 0.53 in § 3.
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Figure 2: MTTKRP performance comparison.

Table 2: Sparse tensor space comparison.
| tensors | COO (MB) | CSF (MB) | HICOO (MB) |

choa 411 666 192

darpa 434 958 308

nell2 1150 1850 546

deli 2090 4120 3490

nelll 2140 4430 3620
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4An optimized MTTKRP algorithm is introduced in SPLATT [21]. We configure
SPLATT with “ALLMODE” setting (storing all N CSF representations) for
its best performance.

No comparison with F-COO format is because it was implemented on
GPUs.
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