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ABSTRACT
In this work we present a library of parallel solvers based on the
boundary element method (BEM). We provide a brief description
of BEM and its parallelization, focus on SIMD vectorization and
shared- and distributed-memory parallelization by OpenMP and
MPI, respectively. Two approaches for distributed parallelization
of BEM are discussed – either based on a novel parallel adaptive
cross approximation (ACA) method, or on the boundary element
tearing and interconnecting (BETI) domain decomposition method.
To demonstrate the efficiency of the library we provide results of
numerical experiments on the Xeon and Xeon Phi based clusters.
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1 INTRODUCTION
The boundary element method [9] is a counterpart to the popu-
lar finite element method. Its main advantage is the reduction of
the considered problem to the boundary of the computational do-
main which makes it well suited for problems stated on unbounded
domains (such as electromagnetic or acoustic wave scattering) or
shape optimization problems. However, the classical BEM produces
full matrices and is of quadratic computational complexity with
respect to the number of surface DOFs. Moreover, one has to take a
special care of the singularities occurring in the numerical integra-
tion which leads to a high computational intensity of the integration
routines.

An efficient parallel implementation of BEM is necessary to en-
able solution of large scale real-world problems. The BEM4I library
developed at IT4Innovations National Supercomputing Center pro-
vides an implementation of BEM parallelized on several levels. On
the lowest layer the integration routines are SIMD vectorized using
OpenMP pragmas, the system matrix assembly is parallelized in
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the shared memory by OpenMP threading and the whole proce-
dure can be distributed among computational nodes using MPI.
Moreover, assembly of the system matrices can be accelerated by
the Intel Xeon Phi coprocessors. The library currently supports
solution of problems modelled by the Laplace, Lamé, Helmholtz
and time-dependent wave equations.

The contribution has the following structure. After a brief intro-
duction to BEM and the BEM4I library we discuss its vectorization
and parallelization in the shared memory. Next, we describe two
approaches for parallelization in the distributed memory – one
based on the novel parallelization of the adaptive cross approxima-
tion (ACA), the second based on the boundary element tearing and
interconnecting (BETI) domain decomposition method. Numerical
experiments demonstrating the efficiency of the implementation
are provided in each section.

2 INTRA-NODE PARALLELIZATION
Implementation of BEM has to deal with integrals of the type

[Vh ]ℓ,k :=
1
4π

∫
τℓ

∫
τk

1
∥x −y∥ dsy dsx .

To treat the singularities occurring in the integrals one can either
use a fully numerical regularized Gaussian quadrature [8] or semi-
analytical approach where the inner integral is treated analytically
while the outer one numerically [9]. Both of the approaches lead
to a large computational intensity of the quadrature routines – the
former case requires evaluation of 4-dimensional integrals with
large number of quadrature points, while the latter leads to a fre-
quent evaluation of expensive operations (floating point division,
square root, logarithm, or arctangent). Therefore, the assembly of
the system matrices is usually one of the most time-consuming
parts of a BEM simulation and in BEM4I we pay significant atten-
tion to the parallelization and acceleration of the process. Besides
the shared-memory threading by OpenMP, the computationally
intensive quadrature routines are vectorized by OpenMP SIMD
pragmas. The original code was optimized by, e.g., conversion of
arrays of structures (AoS) to structure of arrays (SoA), memory
alignment, data padding, or manual loop collapsing. In [10, 11] we
describe an efficient implementation and provide numerical exper-
iments on Xeon and Xeon Phi (KNC and KNL) architectures for
fully numerical and semi-analytical integration. Vectorization by
the Vc library is described in [5]. In [6] we describe acceleration of
the system matrix assembly by offloading the computation to the
KNC coprocessors.
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Figure 2.1: Scalability in shared memory (left) and with re-
spect to the SIMD vector length (right).

In Figure 2.1 (left) we provide the results of the scalability tests for
the system matrix assembly in shared memory. We obtain perfect
scaling up to the physical number of cores. Scaling with respect to
the length of the SIMD vector is shown in the right-hand side of
Figure 2.1.

3 DISTRIBUTED ACA METHOD
To reduce the memory requirements and computational complex-
ity of BEM to the almost linear case, one can leverage the ACA
method [1]. However, its parallel implementation is not straight-
forward as one has to deal with load balancing issues. In [4], a new
approach for parallelization of ACA was presented. The original
boundary mesh is decomposed into N submeshes, pairs of which
define blocks in the system matrix. The related N × N submatri-
ces are assigned to N concurrent processes. Each of the blocks is
assembled as a separate low-rank ACA matrix. The distribution
minimizing the number of submeshes assigned to a single MPI pro-
cess is defined using cyclic decompositions of undirected complete
graphs.

Performance of the method for the Laplace equation is demon-
strated in Table 3.1 on meshes with up to 55.6 million surface ele-
ments (which translates to hundreds of millions volume elements).
The method enables the assembly of the system matrices in a rea-
sonable time while compressing their size down to 0.08 – 0.19 %.
Initial results on a KNL-based cluster are presented in [2].

4 BETI DOMAIN DECOMPOSITION METHOD
Another approach for distributed-memory parallelization of BEM is
the boundary element tearing and interconnecting method (BETI)
which is a counterpart to the well-known FETI method [3]. BETI

# surface elements 24.7 million 55.6 million

# nodes 64 256
# MPI ranks 128 512

assembly Vh /Kh [s] 163.2/280.5 242.8/414.5
compression Vh /Kh [%] 0.081/0.163 0.092/0.185

total RAM [GB] 3932/3987 22688/22873
Table 3.1: Distributed assembly of BEM matrices Vh and Kh
on the Salomon supercomputer at IT4Innovations.

is a non-overlapping domain decomposition method – the origi-
nal mesh is decomposed into smaller submeshes and the global
continuity is enforced by Lagrange multipliers. In addition to paral-
lelization, the method enables solution of problems with materials
which are only piecewise homogeneous.

BETI in BEM4I is enabled via an interface to the domain decom-
position library Espreso [7]. While BEM4I assembles local Dirichlet-
to-Neumann maps (Steklov-Poincaré operators), Espreso takes care
of the gluing of the subdomains and the global solution process.
Using BETI we are able to scale up to 864 Salomon nodes and solve
problems with 7.7 billion surface elements.

5 CONCLUSION
We have presented a library of boundary element solvers. It is
parallelized on several levels, starting from SIMD vectorization, to
shared-memory parallelization, and distribution among multiple
computational nodes. It is well-suited for problems on unbounded
domains, such as modelling of wave propagation. Moreover, due
to its high computational intensity and coalesced memory access
pattern, the method can be efficiently employed on modern many-
core systems with wide SIMD registers.
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