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1 INTRODUCTION

Standing on the shoulders of giants. This work builds
upon a number of recent developments: The GotoBLAS
algorithm for matrix multiplication (GEMM) [5] that un-
derlies the currently fastest implementations of GEMM for
CPUs; The refactoring of the GotoBLAS algorithm as part of
the BLAS-like Library Instantiation Software (BLIS) [15, 16],
which exposes primitives for implementing BLAS-like op-
erations; The systematic parallelization of the loops that
BLIS exposes so that high-performance can be flexibly at-
tained on multicore and many-core architectures [12]; The
casting of tensor contraction (TC) in terms of the BLIS prim-
itives [10, 13] without requiring the transposition (permu-
tation) used by traditional implementations; The practical
high-performance implementation of the classical Strassen’s
algorithm (STRASSEN) [8] in terms of variants of the BLIS
primitives; and the extension of this implementation [7] to
a family of Strassen-like Fast Matrix Multiplication (FMM)
algorithms [1]. Together, these results facilitate what we
believe to be the first extension of Strassen’s algorithm to
TC.

Contributions. This work presents the first efficient imple-
mentation of Strassen’s algorithm for tensor contraction, a
significant problem with numerous applications.

o Itdescribes how to extend Strassen’s algorithm to TC with-
out the explicit transposition of data that inherently incurs
significant memory movement and workspace overhead.

e It provides a performance model for the cost of the result-
ing family of algorithms.

o It details the practical implementation of these algorithms,
including how to exploit variants of the primitives that
underlie BLIS and a data layout to memory for the tensors.

o It demonstrates practical speedup on modern single core
and multicore CPUs.

o It illustrates how the local Strassen’s TC algorithm im-
proves performance of a simple distributed memory tensor
contraction.

Together, these results unlock a new frontier for the research
and application of Strassen’s algorithm.

Related work. To the best of our knowledge, this work rep-
resents the first implementation of Strassen’s algorithm for
tensor contraction. In the context of STRASSEN for matri-
ces, there have been a variety of practical implementations
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[1, 2, 4], including the closely related implementation of
STRASSEN using the BLIS framework [8] which we extend.

For tensor contraction, recent work on high-performance
tensor contraction [10, 13] serves as the motivation and basis
for our present work, while other research has focused on
algorithms using tensor slicing [3, 11] or on improving the
efficiency of the so-called TTDT algorithm for tensor contrac-
tion [6, 9, 14], where input tensors A and B are Transposed
(permuted) and then used in a standard Gemm algorithm, with
the output then being Transposed and accumulated onto the
tensor C. TTDT could be used to construct a STRASSEN algo-
rithm for TC by transposing subtensors into submatrices and
vice versa and using a matrix implementation of STRASSEN
instead of Gemm. However, we will show that this algorithm
is essentially the same as our Naive Strassen algorithm,
which is often less efficient than the other algorithms that
we have implemented.

The GeTT algorithm [13] is a high-performance tensor con-
traction implementation similar in many ways to the BLIS-
based implementation by Matthews [10]. As in our current
implementation, formation of linear combinations of input
subtensors of A and B and output to multiple subtensors of
C could be fused with the internal tensor transposition and
micro-kernel steps of GETT. However, the implementation
would be restricted to regular subtensors rather than more
general submatrices, which could have possible negative
performance implications (e.g. false sharing).

2 SUMMARY AND CONCLUSIONS

As exemplified by Figure 1, performance benefits are demon-
strated with a performance model as well as in practice,
achieving up to 1.3x speedup (AB Strassen for large prob-
lem sizes). We presented what we believe to be the first
work to demonstrate how to leverage Strassen’s algorithm
for tensor contraction, and showed practical performance
speedup on single core, multicore, and distributed memory
implementations. Using a block scatter matrix layout en-
ables us to partition the matrix view of the tensor, instead of
the tensor itself, with automatic (implicit) tensor-to-matrix
transformation, and the flexibility to facilitate Strassen’s 2D
matrix partition to multi-dimensional tensor spaces. Fusing
the matrix summation that must be performed for STRASSEN
and the transposition that must be conducted for tensor



Kf;; = N}: = 16000, 1 core, Actual vs. Modeled

39 | \ i TV
28.36

25 °

20 |+

o TBLIS (Actual)

4 One-level ABC (Actual)

15 |4 One-level AB (Actual)
One-level Naive (Actual)

A Two-level ABC (Actual)

mTwo-level AB (Actual)

* Two-level Naive (Actual)

1 2 3 4 5 6 7 8 9 10 11 12

TBLIS (Modeled)

One-level ABC (Modeled)
One-level AB (Modeled)
One-level Naive (Modeled)
Two-level ABC (Modeled)
Two-level AB (Modeled)
Two-level Naive (Modeled)

10 [*

Effective GFLOPS (2 - Ny, - Ny, - Np, /time)

— 103
Np, 10

Figure 1: Actual and modeled performance of various implementa-
tions on single core: Nj, ~Nj ~16000, Np, varies.

contraction with the packing and micro-kernel operations
inside high-performance implementation of GEMM avoids
extra workspace requirements, and reduces the cost of ad-
ditional memory movement. We provided a performance
model which can accurately predict the speedup of the re-
sulting family of algorithms for different tensor shapes, sizes,
and permutations. We evaluated our families of implementa-
tions for various tensor sizes and shapes on synthetic and
real-world datasets, both observing significant speedups
comparing to the baseline (TBLIS) and naive implementa-
tions (Naive Strassen), particularly for smaller problem
sizes (N1,,, Nj,, Np, = 2kc, 4kc), and irregular shape (Np, is
much smaller comparing to Ni, , Nj, ) with ABC Strassen.
Together, this work demonstrates Strassen’s algorithm can
be applied for tensor contraction with practical performance
benefit.
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